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Outline

• The Pseudoscalar Two Higgs Doublet Model (2HDM+a) is a next 
generation DM model: 
• Represents the simplest, theoretically consistent extension of a  

DM simplified pseudoscalar model. 
• Contains a rich parameter space and novel detection signatures. 

• Phenomenological studies of the model as well as recommendations for 
2HDM+a parameter scans are documented in the DMWG White Paper. 

• The recent DM Summary paper reinterpreted previous DM searches to 
present the first set of collider limits for this model. 

• Looking forward the Extended Higgs Sector Combination looks to utilize 
the full Run  2 data, explore new channels, and perform statistical 
combinations.

Combination  

Talks  

Friday!

https://arxiv.org/abs/1810.09420
https://arxiv.org/pdf/1903.01400.pdf
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Evolution of Dark Matter Models

The puzzle of dark matter 29.10.18Arely Cortes Gonzalez

Scope

2

Theoretical 
Framework

Simplified modelsEffective Field Theories

Effective field theories (EFT) of 
DM interaction with WIMPs.

Effective Lagrangian approach 
with parameters: M* and mDM.

Different operators can be 
considered.

Theory only valid if M* is 
much larger than the energy 

scale present in reaction.
This is in fact a potential issue 

at the LHC.

Less simplified models
UV complete models, 

typically not restricted by 
Higgs measurements. 


A much larger parameter 

space affecting the 
kinematics, cross sections, 

couplings, etc.
Much richer 

phenomenology!


Natural solution to EFT 
validity. Simplified 

models considers the 
production of a mediator 

particle.
E.g. for a s-channel 

mediator we can have: 
mmed, mDM, gDM, gq. gl



Figure by Arely Cortes

Operators in the Lagrangian 
made from DM and SM fields

EFTs have energy scale, Λ.   
Only valid for momentum 

transfers well below Λ.

I.e. Super Symmetry or  
2HDM+a

Gauge Invariant,  
Renormalizable

  Larger number of free 
parameters leading to rich 

phenomenology

Introduces spin-0 or spin-1 
mediators 

Describes DM production 
kinematics with a minimal 
number of free parameters

Not a complete theory

https://indico.desy.de/indico/event/19155/session/3/contribution/37/material/slides/0.pdf
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2HDM+a Model

Mass Eigenstates

CP-even: H, h 

CP-odd: A, a 

Charged: H±

• The 2HDM+a model is produced by mixing a DM coupled 
pseudoscalar, P, with the CP-odd Higgs from Two Higgs 
Doublet Model (Type-II).

Higgs fit
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Figure 3: Left: Parameter space allowed, at 95% CL, by a global fit to the LHC Run-I

Higgs coupling strength measurements in the context of a 2HDM type-II scenario. Right:

Parameter space in the MH± –tan � plane that is disfavoured by the flavour observables

B ! Xs� (red) and Bs ! µ
+
µ
� (blue). The open region in the center of the plot is allowed

at 95% CL.

4.2 Constraints on tan�

Indirect constraints on tan � as a function of MH± arise from B ! Xs� [56–58], B-meson

mixing [59–62] as well as Bs ! µ
+
µ
� [63–69], but also follow from Z ! bb̄ [70–72]. For

the case of the type-II 2HDM, the most stringent constraints on the MH± –tan � plane

are depicted in the right panel of Figure 3. From the shown results it is evident that

B ! Xs� provides a lower limit on the charged Higgs mass of MH± > 580 GeV that is

practically independent of tan � for tan � & 2, while Bs ! µ
+
µ
� is the leading constraint

for very heavy charged Higgses, excluding for instance values of tan � < 1.3 and tan � > 20

for MH± = 1 TeV. Since the indirect constraints arise from loop corrections they can in

principle be weakened by the presence of additional particles that are too heavy to be

produced at the LHC. We thus consider the bounds from flavour only as indicative, and

will not directly impose them on the parameter space of the 2HDM+a in what follows. The

constraints on tan � that follow from the existing LHC searches for heavy spin-0 bosons

(see for instance [73–75, 77, 78]) will be discussed in Section 7.

4.3 Constraints on sin ✓

EW precision measurements constrain the di↵erences between the masses of the additional

scalar and pseudoscalar particles MH , MA, MH± and Ma, because the exchange of spin-0

states modifies the propagators of the W - and Z-bosons at the one-loop level and beyond.

For MH = MH± and cos(� �↵) = 0, these corrections vanish due to a custodial symmetry

in the tree-level potential VH [79–83] introduced in (3.4) and the masses of the CP-odd mass

eigenstates can be treated as free parameters. This custodial symmetry is also present if
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couplings are explicitly given by

LY = �

X

i=1,2

⇣
Q̄Y

i

uH̃iuR + Q̄Y
i

d
HidR + L̄Y

i

`
Hi`R + h.c.

⌘
. (2.3)

Here Y
i

f
are Yukawa matrices acting on the three fermion generations and we have sup-

pressed flavour indices, Q and L are left-handed quark and lepton doublets, while uR, dR

and `R are right-handed up-type quark, down-type quark and charged lepton singlets, re-
spectively. Finally, H̃i = ✏H

⇤
i

with ✏ denoting the two-dimensional antisymmetric tensor.
The natural flavour conservation hypothesis can be satisfied by four discrete assignments,
where by convention up-type quarks are always taken to couple to H2:

Y
1
u = Y

d

1 = Y
`

1 = 0 , (type I) ,

Y
1
u = Y

d

2 = Y
`

2 = 0 , (type II) ,

Y
1
u = Y

d

1 = Y
`

2 = 0 , (type III) ,

Y
1
u = Y

d

2 = Y
`

1 = 0 , (type IV) .

(2.4)

The dependence of our results on the choice of the Yukawa sector will be discussed in some
detail in the next section.

Taking DM to be a Dirac fermion � a separate Z2 symmetry under which � ! ��

can be used to forbid a coupling of the form L̄H̃1�R + h.c. At the level of renormalisable
operators this leaves

L� = �iy�P �̄�5� , (2.5)

as the only possibility to couple the pseudoscalar mediator P to DM. In order to not
violate CP we require the dark sector Yukawa coupling y� to be real. The parameter y�

and the DM mass m� are further input parameters in our analysis.

3 Anatomy of the parameter space

In this section we examine the anatomy of the parameter space of the model introduced
above and discuss a number of important simplifications. We briefly explain the align-
ment/decoupling limit and describe the dependence of the predictions on the choice of
Yukawa sector. The constraints on the mixing angles, quartic couplings and Higgs masses
from spin-0 resonance searches, flavour physics, EW precision measurements, perturbativity
and unitarity are also elucidated.

3.1 Alignment/decoupling limit

After EW symmetry breaking the kinetic terms of the Higgs fields Hi lead to interactions
between the CP-even mass eigenstates and the massive EW gauge bosons. These interac-
tions take the form

L �

⇣
sin (� � ↵) h + cos (� � ↵) H

⌘✓
2M

2
W

v
W

+
µ W

�µ +
M

2
Z

v
ZµZ

µ

◆
. (3.1)
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Alignment Limit

softly broken by the term µ3H
†
1H2 + h.c. The vacuum expectation values (VEVs) of the

Higgs doublets are given by hHii = (0, vi/
p

2)T with v =
p

v
2
1 + v

2
2 ' 246 GeV and we

define tan � = v2/v1. To avoid possible issues with electric dipole moments, we assume
that the mass-squared terms µj , the quartic couplings �k and the VEVs are all real and as
a result the scalar potential as given in (2.1) is CP conserving. The three physical neutral
Higgses that emerge from VH are in such a case both mass and CP eigenstates.

The most economic way to couple fermionic DM to the SM through pseudoscalar ex-
change is by mixing a CP-odd mediator P with the CP-odd Higgs that arises from (2.1).
This can be achieved by considering the following interaction terms

VP =
1

2
m

2
PP

2 + P

⇣
ibP H

†
1H2 + h.c.

⌘
+ P

2
⇣
�P1H

†
1H1 + �P2H

†
2H2

⌘
, (2.2)

where mP and bP are parameters with dimensions of mass. We assume that VP does not
break CP and thus take bP to be real in the following. In this case P does not develop a VEV
and remains a pure CP eigenstate. Nevertheless, this term does lead to a soft breaking of
the Z2 symmetry. Notice that compared to [19–21] which include only the trilinear portal
coupling bP , we also allow for quartic portal interactions proportional to �P1 and �P2.
A quartic self-coupling of the form P

4 has instead not been included in (2.2), as it does not
lead to any relevant effect in the observables studied in our paper.

The interactions in the scalar potential (2.1) mix the neutral CP-even weak eigenstates
and we denote the corresponding mixing angle by ↵. The portal coupling bP appearing
in (2.2) instead mixes the two neutral CP-odd weak eigenstates with ✓ representing the
associated mixing angle. The resulting CP-even mass eigenstates will be denoted by h

and H, while in the CP-odd sector the states will be called A and a, where a denotes the
extra degree of freedom not present in THDMs. The scalar spectrum also contains two
charged mass eigenstates H

± of identical mass.
Diagonalising the mass-squared matrices of the scalar states leads to relations between

the fundamental parameters entering VH and VP . These relations allow to trade the pa-
rameters mP , µ1, µ2, µ3, bP , �1, �2, �4, �5 for sines and cosines of mixing angles, VEVs
and the masses of the physical Higgses. This procedure ensures in addition that the scalar
potential is positive definite and that the vacuum solution is an absolute minimum. In the
broken EW phase the physics of (2.1) and (2.2) is hence fully captured by the angles ↵, �,
✓, the EW VEV v, the quartic couplings �3, �P1, �P2 and the masses Mh, MH , MA, MH± ,
Ma. We will use these parameters as input in our analysis.

2.2 Yukawa sector

The couplings between the scalars and the SM fermions are restricted by the stringent exper-
imental limits on flavour observables. A necessary and sufficient condition to avoid FCNCs
associated to neutral Higgs tree-level exchange is that not more than one of the Higgs
doublets couples to fermions of a given charge [44, 45]. This so-called natural flavour con-
servation hypothesis is automatically enforced by the aforementioned Z2 symmetry acting
on the doublets, if the right-handed fermion singlets transform accordingly. The Yukawa
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• Work in the alignment limit, cos(β -α) = 0. 

• Light scalar, h, associated with SM Higgs, 125 GeV. 

• Electroweak VEV,                                        . 

• Heavy scalar, H, does not couple to vector bosons 
pairs.

In the decoupling limit, the hAZ coupling vanishes, while the HAZ coupling attains its

maximal value. This pattern is repeated in all the three-point and four-point couplings of

h and H to V V , V φ, and V V φ final states (where V is a vector boson and φ is one of the

Higgs scalars). These results can be summarized as follows: the coupling of h and H to

vector boson pairs or vector–scalar boson final states is proportional to either sin(β − α) or

cos(β − α) as indicated below [7, 9].

cos(β − α) sin(β − α)

HW+W− hW+W−

HZZ hZZ

ZAh ZAH

W±H∓h W±H∓H

ZW±H∓h ZW±H∓H

γW±H∓h γW±H∓H

(39)

Note in particular that all vertices in the theory that contain at least one vector boson

and exactly one of the non-minimal Higgs boson states (H , A or H±) are proportional to

cos(β − α) and hence vanish in the decoupling limit.

The Higgs couplings to fermions are model dependent. The most general structure for

the Higgs-fermion Yukawa couplings, often referred to as the type-III model [17], is given

by:

− LY = Q
0
LΦ̃1η

U,0
1 U0

R + Q
0
LΦ1η

D,0
1 D0

R + Q
0
LΦ̃2η

U,0
2 U0

R + Q
0
LΦ2η

D,0
2 D0

R + h.c. , (40)

where Φ1,2 are the Higgs doublets, Φ̃i ≡ iσ2Φ∗
i , Q0

L is the weak isospin quark doublet, and

U0
R, D0

R are weak isospin quark singlets. [The right and left-handed fermion fields are defined

as usual: ψR,L ≡ PR,Lψ, where PR,L ≡ 1
2(1 ± γ5).] Here, Q0

L, U0
R, D0

R denote the interaction

basis states, which are vectors in flavor space, whereas ηU,0
1 , ηU,0

2 , ηD,0
1 , ηD,0

2 are matrices in

flavor space. We have omitted the leptonic couplings in eq. (40); these follow the same

pattern as the down-type quark couplings.

We next shift the scalar fields according to their vacuum expectation values, and then re-

express the scalars in terms of the physical Higgs states and Goldstone bosons [see eq. (21)].

In addition, we diagonalize the quark mass matrices and define the quark mass eigenstates.

The resulting Higgs-fermion Lagrangian can be written in several ways [25]. We choose

to display the form that makes the type-II model limit of the general type-III couplings

13
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} 0 ̸couplings
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*For CP symmetric 2HDM, A also has no tree-level coupling to ZZ or WW.

v =
q

v21 + v22 = 246 GeV
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2HDM+a Parameters

Free Parameters

MA=MH=MH±: mass of heavy pseudoscalar A, heavy 
scalar H, and charged scalar, H±.

Ma: mass of pseudoscalar mediator  (Ma < MA)

sinθ: mixing angle between a and A, both couple to DM. 

tanβ: ratio of VEVs of Higgs doublets

Mχ: DM mass

2HDM+a model has 14 parameters:

where the first term breaks the Z2 symmetry softly. The singlet potential is given by

VP =
1

2
m

2

PP
2
. (3.6)

Notice that compared to [20–22, 24], which include only the trilinear portal coupling bP ,

we follow [23] and also allow for quartic portal interactions proportional to �P1 and �P2.

A quartic self-coupling P
4 has not been included in (3.6), because such a term would not

lead to any relevant e↵ect in the E
miss

T
observables studied in this white paper.

Upon rotation to the mass eigenbasis, we trade the five dimensionful and the eight

dimensionless parameters in the potential for physical masses, mixing angles and four

quartic couplings:

8
><

>:

µ1, µ2, µ3, bP , mP , m�

y�, �1, �2, �3, �4, �5,

�P1, �P2

9
>=

>;
 !

8
><

>:

v, Mh, MA, MH , MH± , Ma, m�

cos(� � ↵), tan �, sin ✓,

y�, �3, �P1, �P2

9
>=

>;
. (3.7)

Here ↵ denotes the mixing angle between the two CP-even weak spin-0 eigenstates, tan � is

the ratio of the vacuum expectation values (VEVs) of the two Higgs doublets and ✓ repre-

sents the mixing angle of the two CP-odd weak spin-0 eigenstates. The parameters shown

on the right-hand side of (3.7) will be used as input in the following sections. Out of these

parameters, the EW VEV v ' 246 GeV and the mass of the SM-like CP-even mass eigen-

state Mh ' 125 GeV are already fixed by observations. The experimental and theoretical

constraints on the remaining parameter space will be examined in the next section.

4 Constraints on the 2HDM+a parameter space

In the following we examine the constraints on the input parameters (3.7) that arise from

Higgs and flavour physics, LHC searches for additional spin-0 bosons, EW precision mea-

surements and vacuum stability considerations. The discussed constraints will motivate

certain parameter benchmarks, which will be summarised at the end of the section.

4.1 Constraints on cos(� � ↵)

The mixing angle ↵ between the CP-even scalars h and H is constrained by Higgs coupling

strength measurements and we display the regions in the cos(� � ↵)– tan � plane that are

allowed by the LHC Run-I combination [50] in the left panel of Figure 3. See [51, 52] for

the latest 13 TeV LHC results. The 95% confidence level (CL) contour shown has been

obtained in the type-II 2HDM. For arbitrary values of tan �, only parameter choices with

cos(� � ↵) ' 0 are experimentally allowed. Additional exclusion limits in the cos(� � ↵)–

tan � plane arise from searches for A ! hZ [53, 54]. To avoid the constraints from Higgs

physics and to simplify the further analysis, we will concentrate in this white paper on the

so-called alignment limit of the 2HDM where cos(� � ↵) = 0 [55], treating tan � as a free

parameter. In this limit the constraints from A ! hZ are satisfied as well because the

AhZ coupling scales as gAhZ / cos(� � ↵).

– 8 –

• Alignment limit fixes v, Mh, and cos(β -α) values.
• Vacuum stability and unitarity constrain quartic 

couplings, λ3, λ1p , λ2p = 3.
• Choose DM coupling, yχ = 1.
• EW precision measurements constrain mass 

splitting.  Set MA=MH=MH±..Reduces to 5 free parameters:
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Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)
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Figure 6: Example diagrams that give rise to an h+E
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T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)
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Figure 6: Example diagrams that give rise to an h+E
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(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)
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2 2 The CMS detector and object reconstruction
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Figure 1: Feynman diagrams for the three production processes targeted in the search for in-
visible Higgs boson decays: (upper left) qq ! qqH, (upper right) qq ! VH, and (bottom)
gg ! gH.
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Figure 2: Feynman diagrams for the gg!ZH production processes involving a coupling be-
tween (left) the top quark and the Higgs boson or (right) the Z and Higgs bosons.

in Section 6.

2 The CMS detector and object reconstruction
The CMS detector is a multipurpose apparatus optimised to study high transverse momentum
(pT) physics processes in proton-proton and heavy-ion collisions. A superconducting solenoid
occupies its central region, providing a magnetic field of 3.8 T parallel to the beam direction.
Charged-particle trajectories are measured by the silicon pixel and strip trackers, which cover
a pseudorapidity region of |h| < 2.5. A lead tungstate crystal electromagnetic calorimeter
(ECAL), and a brass and scintillator hadron calorimeter (HCAL) surround the tracking volume
and cover |h| < 3. The steel and quartz-fibre Cherenkov hadron forward calorimeter extends
the coverage to |h| < 5. The muon system consists of gas-ionisation detectors embedded in
the steel flux-return yoke outside the solenoid, and covers |h| < 2.4. The first level of the CMS
trigger system, composed of custom hardware processors, is designed to select the most inter-
esting events in less than 4 µs, using information from the calorimeters and muon detectors.
The high-level trigger processor farm then further reduces the event rate to less than 1 kHz.
A more detailed description of the CMS detector, together with a definition of the coordinate
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Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)
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Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)

– 16 –

A

g

g

a
�

�̄

t

t

t

g

g a

�

�̄

t

tt

t

h

h

g

g

a
�

�̄

t

t

t

Z
g

g a

�

�̄

t

t

t

Z

H
t

W
�

<latexit sha1_base64="SAi93nQKrE/sxIqPgiG5J1++E7U=">AAAB6nicbZC7SgNBFIbPeo3rLWppMxgEG8OujTZi0MYyorlAsobZydlkyOzsMjMrhBDwBWwsFLH1XeztfBsnl0ITfxj4+P9zmHNOmAqujed9OwuLS8srq7k1d31jc2s7v7Nb1UmmGFZYIhJVD6lGwSVWDDcC66lCGocCa2HvapTXHlBpnsg7008xiGlH8ogzaqx1W7s/buULXtEbi8yDP4XCxad7/ggA5Vb+q9lOWBajNExQrRu+l5pgQJXhTODQbWYaU8p6tIMNi5LGqIPBeNQhObROm0SJsk8aMnZ/dwxorHU/Dm1lTE1Xz2Yj87+skZnoLBhwmWYGJZt8FGWCmISM9iZtrpAZ0bdAmeJ2VsK6VFFm7HVcewR/duV5qJ4Ufa/o33iF0iVMlIN9OIAj8OEUSnANZagAgw48wQu8OsJ5dt6c90npgjPt2YM/cj5+AD/Nj0M=</latexit><latexit sha1_base64="P4u1r/kToApB+EZT5nMtKlQO5qw=">AAAB6nicbZDLSgMxFIZP6q2Ot6pLN8EiuLHMuNGNWHTjsqK9QDuWTJppQzOZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845QSK4Nq77jXILi0vLK/lVZ219Y3OrsL1T03GqKKvSWMSqERDNBJesargRrJEoRqJAsHrQvxzl9XumNI/lrRkkzI9IV/KQU2KsdVO/O2oXim7JHQvPgzeF4vmHc5a8fTmVduGz1YlpGjFpqCBaNz03MX5GlOFUsKHTSjVLCO2TLmtalCRi2s/Gow7xgXU6OIyVfdLgsfu7IyOR1oMosJURMT09m43M/7JmasJTP+MySQ2TdPJRmApsYjzaG3e4YtSIgQVCFbezYtojilBjr+PYI3izK89D7bjkuSXv2i2WL2CiPOzBPhyCBydQhiuoQBUodOEBnuAZCfSIXtDrpDSHpj278Efo/QcxXJC3</latexit><latexit sha1_base64="P4u1r/kToApB+EZT5nMtKlQO5qw=">AAAB6nicbZDLSgMxFIZP6q2Ot6pLN8EiuLHMuNGNWHTjsqK9QDuWTJppQzOZIckIZegjuHGhiEt9F/duxLcxvSy09YfAx/+fQ845QSK4Nq77jXILi0vLK/lVZ219Y3OrsL1T03GqKKvSWMSqERDNBJesargRrJEoRqJAsHrQvxzl9XumNI/lrRkkzI9IV/KQU2KsdVO/O2oXim7JHQvPgzeF4vmHc5a8fTmVduGz1YlpGjFpqCBaNz03MX5GlOFUsKHTSjVLCO2TLmtalCRi2s/Gow7xgXU6OIyVfdLgsfu7IyOR1oMosJURMT09m43M/7JmasJTP+MySQ2TdPJRmApsYjzaG3e4YtSIgQVCFbezYtojilBjr+PYI3izK89D7bjkuSXv2i2WL2CiPOzBPhyCBydQhiuoQBUodOEBnuAZCfSIXtDrpDSHpj278Efo/QcxXJC3</latexit><latexit sha1_base64="C2J4YD2lD4x8hcIBTGJkAq5mbWo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iziWXQxjKi+YDkDHubuWTJ3t6xuyeEIz/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1Fjpvv140S9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6R1WfXcqnfnVurXeRxFOIFTOAcPalCHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDQho12</latexit>

H
�

<latexit sha1_base64="JTOWto0q70+KEQ+lkoTNPv1Dm5k=">AAAB6nicbZDLSgMxFIZP6q2Ot6pLN8EiuLHMuNGNWHTTZUV7gXYsmTTThmYyQ5IRylDwBdy4UMSt7+LenW9jello6w+Bj/8/h5xzgkRwbVz3G+WWlldW1/Lrzsbm1vZOYXevruNUUVajsYhVMyCaCS5ZzXAjWDNRjESBYI1gcD3OGw9MaR7LOzNMmB+RnuQhp8RY67Zyf9IpFN2SOxFeBG8GxctP5+IRAKqdwle7G9M0YtJQQbRueW5i/Iwow6lgI6edapYQOiA91rIoScS0n01GHeEj63RxGCv7pMET93dHRiKth1FgKyNi+no+G5v/Za3UhOd+xmWSGibp9KMwFdjEeLw37nLFqBFDC4QqbmfFtE8UocZex7FH8OZXXoT6aclzS96NWyxfwVR5OIBDOAYPzqAMFahCDSj04Ale4BUJ9Ize0Pu0NIdmPfvwR+jjByjzjzQ=</latexit><latexit sha1_base64="j9q/paN3O87bF4EYFwvr5YUL5n0=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcGOZcaMbseimy4r2Au1YMmmmDc1kQpIRytBHcONCEZf6Lu7diG9j2rrQ1h8CH/9/DjnnhJIzbTzvy8ktLC4tr+RX3bX1jc2twvZOXSepIrRGEp6oZog15UzQmmGG06ZUFMchp41wcDnOG3dUaZaIGzOUNIhxT7CIEWysdV25PeoUil7JmwjNg/8DxfN390y+frrVTuGj3U1IGlNhCMdat3xPmiDDyjDC6chtp5pKTAa4R1sWBY6pDrLJqCN0YJ0uihJlnzBo4v7uyHCs9TAObWWMTV/PZmPzv6yVmug0yJiQqaGCTD+KUo5MgsZ7oy5TlBg+tICJYnZWRPpYYWLsdVx7BH925XmoH5d8r+RfecXyBUyVhz3Yh0Pw4QTKUIEq1IBAD+7hEZ4c7jw4z87LtDTn/PTswh85b98agpCo</latexit><latexit sha1_base64="j9q/paN3O87bF4EYFwvr5YUL5n0=">AAAB6nicbZDLSgMxFIbP1Fsdb1WXboJFcGOZcaMbseimy4r2Au1YMmmmDc1kQpIRytBHcONCEZf6Lu7diG9j2rrQ1h8CH/9/DjnnhJIzbTzvy8ktLC4tr+RX3bX1jc2twvZOXSepIrRGEp6oZog15UzQmmGG06ZUFMchp41wcDnOG3dUaZaIGzOUNIhxT7CIEWysdV25PeoUil7JmwjNg/8DxfN390y+frrVTuGj3U1IGlNhCMdat3xPmiDDyjDC6chtp5pKTAa4R1sWBY6pDrLJqCN0YJ0uihJlnzBo4v7uyHCs9TAObWWMTV/PZmPzv6yVmug0yJiQqaGCTD+KUo5MgsZ7oy5TlBg+tICJYnZWRPpYYWLsdVx7BH925XmoH5d8r+RfecXyBUyVhz3Yh0Pw4QTKUIEq1IBAD+7hEZ4c7jw4z87LtDTn/PTswh85b98agpCo</latexit><latexit sha1_base64="gF7jt4Sbf29D28GWkb5ZScZzN8E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iz0TJokzKi+YDkDHubvWTJ3t6xOyeEIz/BxkIRW3+Rnf/GTXKFJj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFK9/XHi3654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6R1WfXcqnfnVmo3eRxFOIFTOAcPrqAGdWhAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gC5rI1n</latexit>

a

tb
<latexit sha1_base64="Ac0nneHz2X3ZR2Ih/uFUYtwYOU0=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArltyyOxNZBW8BpZvPSqUKALVe8avbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHYuSRqj9bDbohJxZp0/CWNknDZm5vzsyGmk9jgJbGVEz1MvZ1Pwv66QmvPIzLpPUoGTzj8JUEBOT6dakzxUyI8YWKFPczkrYkCrKjL1NwR7BW155FZoXZc8te3W3VL2GufJwAqdwDh5cQhXuoAYNYIDwBC/w6jw4z86b8z4vzTmLnmP4I+fjBwA4joY=</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="aanmd2awHma5cta6TMUQodD8heM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSKxxUa27dXYCsE68gNSjQHFS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvDp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbCo2BG/15XXSvqp7bt1rubXGbRFHGc7gHC7Bg2towD00wQcGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz/CbYze</latexit>

b
<latexit sha1_base64="Ac0nneHz2X3ZR2Ih/uFUYtwYOU0=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArltyyOxNZBW8BpZvPSqUKALVe8avbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHYuSRqj9bDbohJxZp0/CWNknDZm5vzsyGmk9jgJbGVEz1MvZ1Pwv66QmvPIzLpPUoGTzj8JUEBOT6dakzxUyI8YWKFPczkrYkCrKjL1NwR7BW155FZoXZc8te3W3VL2GufJwAqdwDh5cQhXuoAYNYIDwBC/w6jw4z86b8z4vzTmLnmP4I+fjBwA4joY=</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="aanmd2awHma5cta6TMUQodD8heM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSKxxUa27dXYCsE68gNSjQHFS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvDp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbCo2BG/15XXSvqp7bt1rubXGbRFHGc7gHC7Bg2towD00wQcGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz/CbYze</latexit>

g

�

�̄

W
�

a
�

�̄t

t

b
<latexit sha1_base64="Ac0nneHz2X3ZR2Ih/uFUYtwYOU0=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArltyyOxNZBW8BpZvPSqUKALVe8avbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHYuSRqj9bDbohJxZp0/CWNknDZm5vzsyGmk9jgJbGVEz1MvZ1Pwv66QmvPIzLpPUoGTzj8JUEBOT6dakzxUyI8YWKFPczkrYkCrKjL1NwR7BW155FZoXZc8te3W3VL2GufJwAqdwDh5cQhXuoAYNYIDwBC/w6jw4z86b8z4vzTmLnmP4I+fjBwA4joY=</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="aanmd2awHma5cta6TMUQodD8heM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSKxxUa27dXYCsE68gNSjQHFS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvDp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbCo2BG/15XXSvqp7bt1rubXGbRFHGc7gHC7Bg2towD00wQcGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz/CbYze</latexit>

b
<latexit sha1_base64="Ac0nneHz2X3ZR2Ih/uFUYtwYOU0=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArltyyOxNZBW8BpZvPSqUKALVe8avbj1kaoTRMUK07npsYP6PKcCZwUuimGhPKRnSAHYuSRqj9bDbohJxZp0/CWNknDZm5vzsyGmk9jgJbGVEz1MvZ1Pwv66QmvPIzLpPUoGTzj8JUEBOT6dakzxUyI8YWKFPczkrYkCrKjL1NwR7BW155FZoXZc8te3W3VL2GufJwAqdwDh5cQhXuoAYNYIDwBC/w6jw4z86b8z4vzTmLnmP4I+fjBwA4joY=</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="V59b4Kk4pu/76LmjMefKfLQXgM0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtetArld2Km4ssgzeH8s3nRa5ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI5FSSPUfpYPOiGn1umTMFb2SUNy93dHRiOtx1FgKyNqhnoxm5r/ZZ3UhFd+xmWSGpRs9lGYCmJiMt2a9LlCZsTYAmWK21kJG1JFmbG3KdojeIsrL0PzvOK5Fa/ulqvXMFMBjuEEzsCDS6jCHdSgAQwQnuAFXp0H59l5c95npSvOvOcI/sj5+AG7Jo8S</latexit><latexit sha1_base64="aanmd2awHma5cta6TMUQodD8heM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSKxxUa27dXYCsE68gNSjQHFS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvDp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhMy/JkOukBkxtYQyxe2thI2poszYbCo2BG/15XXSvqp7bt1rubXGbRFHGc7gHC7Bg2towD00wQcGCM/wCm/Oo/PivDsfy9aSU8ycwh84nz/CbYze</latexit>

g

Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)

– 16 –

4-top

tt

Signatures with resonantly produced A/H/H± are enhanced.  Can be more 
sensitivity than traditional DM search channels, ie Mono-Jet.

Resonance Enhanced

Multi-b
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2HDM+a Kinematics
Kinematics of resonance enhanced signatures are distinct 
from Simplified models:  

• Two body decay leads to ETmiss distributions with a 
Jacobian peak.  Location depends on: (MH/A/H± - Ma) 

• Transverse mass observable , MT, useful to discriminate 
signal from background. Or MT2  for 2L Wt+ETmiss

Signatures details (III)

�12

• Command:

import model Pseudoscalar_2HDM 
generate g g > h1 xd xd~ / z [QCD] 

import model Pseudoscalar_2HDM-bbMET_5FS 
generate p p > h1 xd xd~ / z  
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Figure 6: Schematic representation of the dominant production and decay modes for the 2HDM+a model.

to decay into SM fermions, thereby changing the expected signatures. The interactions arising from the315

shift-symmetry breaking operators are tightly constrained [156] and are not considered here.316

There are nine shift-symmetric Lagrangian e�ective operators in the model, each suppressed by powers
of a characteristic energy scale M according to the operator’s dimensionality:

L = LSM +

9’
i=1

ciLi = LSM +

9’
i=1

ci

M
(d�4)
i

O
(d)

i
,

where d is the operator’s dimension and ci are the Wilson coe�cients. Operators L1–L5 correspond to317

interactions of the DE field with SM fields. The leading, i.e. least suppressed, operators are318

L1 =
@µ�DE@µ�DE

M
4
1

T
⌫
⌫

L2 =
@µ�DE@⌫�DE

M
4
2

T
µ⌫,

where T
µ⌫ is the energy-momentum tensor corresponding to the SM Lagrangian. The L1 operator319

corresponds to a derivative coupling of the DE field to the conformal anomaly, T
⌫
⌫ (= m ̄ for a Dirac320

field), and is therefore proportional to the mass of the SM fermions to which DE couples. Signatures321

which probe DE production in association with tt̄ are therefore the most sensitive to this type of coupling322

and are used here. The L2 operator involves derivatives of the SM fields and is therefore proportional323

to their momenta. Final states involving large momentum transfers, such as the jet+E
miss
T signature, o�er324

the highest sensitivity to this type of coupling. The L1 and L2 operators are referred to as (kinetically325

dependent) conformal [157] and disformal, respectively. Operators L3–L5 correspond to higher-order326

versions of L1 and L2. The operator L6 corresponds to a generalised kinetic term for the DE scalar327
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corresponds to a derivative coupling of the DE field to the conformal anomaly, T
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⌫ (= m ̄ for a Dirac320

field), and is therefore proportional to the mass of the SM fermions to which DE couples. Signatures321

which probe DE production in association with tt̄ are therefore the most sensitive to this type of coupling322

and are used here. The L2 operator involves derivatives of the SM fields and is therefore proportional323

to their momenta. Final states involving large momentum transfers, such as the jet+E
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T signature, o�er324
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• Command:

import model Pseudoscalar_2HDM 
generate g g > z xd xd~ / h1 [QCD] 

import model Pseudoscalar_2HDM-bbMET_5FS 
generate p p > z xd xd~ / h1  

The gg-induced and bb-induced channels produced in this 
way can be simply combined.

MA = 400 GeV

MA = 700 GeV

MA = 1000 GeV
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-
1 ]

mono-Higgs, Ma= 200 GeV

Figure 7: Normalised E
miss

T
distributions of mono-Higgs production in the 2HDM+a

model for di↵erent values of MA and Ma as indicated in the legends. The results shown

correspond to the benchmark parameter choices introduced in (4.5).

and this quantity determines the characteristic shape of resonant E
miss

T
signals in the con-

text of the 2HDM+a model. For instance, in the case of the mono-Higgs signal the E
miss

T

spectrum will have a Jacobian peak with an endpoint at [21, 23]

E
miss

T,max '
�
1/2(MA, Mh, Ma)

2MA

, (6.2)

for all mass configurations that satisfy MA > Mh + Ma.

In Figure 7 we show the predictions for the normalised E
miss

T
distribution of h +

E
miss

T
production in the 2HDM+a model for di↵erent spin-0 boson masses MA and Ma.

Besides the indicated values of MA and Ma the parameters used are those given in (4.5).

Increasing MA (Ma) shifts the endpoint of the Jacobian peak to higher (lower) E
miss

T

values as expected from (6.2). A second feature that is also visible is that for large mass

splittings MA � Ma, the E
miss

T
spectra develop a pronounced low-Emiss

T
tail. The events

in these tails arise dominantly from the box diagram shown on the right in the upper row

of Figure 6. It can also be noted that these non-resonant contributions interfere with the

resonant contributions that stem from triangle graphs. Due to the interplay of resonant

and non-resonant contributions, the exact shape of the E
miss

T
distribution is away from the

endpoint (6.2) a non-trivial function of the 2HDM+a parameters (3.7).

At the LHC a mono-Higgs signal has so far been searched for in the h ! ��, h ! bb̄

and h ! ⌧
+
⌧
� channel (see [114, 118–121] for the latest ATLAS and CMS results). While

all searches use E
miss

T
as the main selection variable to discriminate signal from background,

the h (��)+E
miss

T
channel is sensitive to lower E

miss

T
values than the h (bb̄)+E

miss

T
channel,

because events can be selected (triggered) based on the presence of photons, and data

recording occurs at a sustainable rate at a lower E
miss

T
threshold. The h (bb̄) + E

miss

T

channel has instead the advantage that it is more sensitive to smaller h+E
miss

T
production

– 17 –

• bb+ETmiss and tt+ETmiss kinematics are 
similar to those for simplified pseudo-
scalar model. 

• For ditop production kinematics are 
similar to 2HDM models.  Interference 
with SM ditop production leads to a 
peak-dip distribution in mtt.

DRAFT
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Figure 51: Missing transverse momentum distribution mono-h(bb̄) signal events at parton level for five representative
models with di�erent mA (= mH = MH± ) and fixed ma = 300 GeV, sin(� � ↵) = 0.35, tan � = 1,m� = 10 GeV
and �P1 = �P2 = �3 = 3. Models with a larger mA � ma splitting have harder E

miss
T (cf. 3).

The masses mA and ma of the pseudoscalars A and a, which represent the two mediators in Figure 50,893

a�ect the kinematics of the mono-h(bb̄) in a profound way by changing the location of the Jacobian894

peak in the E
miss
T distribution. This e�ect is crucial to searches for mono-h(bb̄) such as [26], since the895

E
miss
T observable can be used to reduce many SM backgrounds, which are typically characterised by low896

E
miss
T , unlike DM signal processes with potentially very high E

miss
T . In other words, the distribution of897

E
miss
T determines the sensitivity of the search.898

The Jacobian peak is the result of a resonantly produced pseudoscalar A decaying in the 2 ! 1 ! 2899

process gg ! A! ah, where the Higgs boson proceeds to decay into a visible final state as h ! bb, and900

the light pseudoscalar into an invisible one as a ! � �. Thus, the resonant A! ah process has a sharply901

peaked resonance in the invariant mass distribution of the final state system with a width determined by902

the widths of a, A, and h. This results in a peak in the momentum distribution of the DM system and in903

its transverse component that is reconstructed as E
miss
T in the detector.904

Since it is determined by the masses of the particles involved in the decay, the location of the Jacobian
peak can be calculated analytically [28]:

E
miss,max

T
⇡

q⇣
mA

2 � ma
2 � m

2
h

⌘2
� 4ma

2m
2
h

2mA

. (4)

Thus, increasing mA results in a Jacobian peak at higher E
miss
T , as shown in Figure 51. Conversely, models905

with higher ma have a Jacobian peak at lower E
miss
T , as indicated in Figure 52.906

In conclusion, the mA and ma parameters strongly a�ect the sensitivity of a search for the 2HDM+PS907

model using the mono-h(bb̄) signature because they determine the location of the Jacobian peak in the908

E
miss
T distribution. Therefore, one of the proposed parameter scans for the 2HDM+PS model is in the909

(ma ,mA ) plane.910

5th May 2018 – 02:32 61

Talk by Lluïsa-Maria Mir  

https://indico.cern.ch/event/801402/contributions/3438691/attachments/1859613/3056612/HBSM_Napoli_Mir.pdf
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Higgs Decay

Invisible Higgs Decay

• For Ma < 125 GeV Higgs can decay to DM:  
h → aχχ →χχ χχ. 

• Reinterpret limits on Invisible Higgs BF. 
Current constraints from Run 1 (23%), but new 
Invisible Higgs combination planned for Run2.

For light mediator masses, Ma, SM Higgs measurements 
effectively probe the 2HDM+a model.

aχχ

bb

τ+τ -
cc

gg

W+W-

ZZabb

80 100 120 140
10-2

0.05

0.10

0.50

1

Ma [GeV]

B
R
(h

→
X
)

mχ = 20 GeV

Figure 2. Branching ratios of the lighter scalar h as a function of the pseudoscalar mass Ma for
two different choices of m� as indicated in the headline of the plots. The other relevant parameters
have been set to tan � = 1, MH = MA = MH± = 750GeV, sin ✓ = 1/

p
2, �3 = �P1 = �P2 = 0

and y� = 1.

on-shell a mediators are possible. The corresponding partial decay width reads

� (h ! aa) =
1

32⇡
g
2
haa

Mh�a/h , (4.4)

with

ghaa =
1

Mhv

h �
M

2
h
� 2M

2
H + 4M

2
H± � 2M

2
a � 2�3v

2
�
sin2

✓

� 2
�
�P1 cos2 � + �P2 sin2

�
�
v
2 cos2 ✓

i
.

(4.5)

Notice that the haa coupling contains terms proportional to both sin2
✓ and cos2 ✓. These

contributions result from the trilinear and quartic couplings in the scalar potential (2.2),
respectively. In our THDM plus pseudoscalar extension, h ! aa decays are even possible
in the limit ✓ ! 0, which is not the case in the simplified model considered in [19–21].

Since the total decay width of the SM Higgs is only about 4 MeV, three-body decays of h

into final states with a single a can also be relevant in the mass range Mh/2 < Ma . Mh.
Phenomenologically the most important three-body decay is the one where a is accompanied
by a pair of DM particles but decays to an a and SM fermions are also possible. The
corresponding partial decay widths are given by

� (h ! a��̄) =
y
2
�

32⇡3
g
2
haa

Mh��/a g(⌧a/h) cos2 ✓ ,

�
�
h ! aff̄

�
=

N
f
c

�
⇠
M
f

�2

32⇡3

m
2
f

v2
g
2
haa

Mh�f/a g(⌧a/h) sin2
✓ ,

(4.6)
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h->aa (even in alignment limit).  Most restrictive when 
considering one of the a’s off-shell.

2 2 The CMS detector and object reconstruction
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Figure 1: Feynman diagrams for the three production processes targeted in the search for in-
visible Higgs boson decays: (upper left) qq ! qqH, (upper right) qq ! VH, and (bottom)
gg ! gH.
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Figure 2: Feynman diagrams for the gg!ZH production processes involving a coupling be-
tween (left) the top quark and the Higgs boson or (right) the Z and Higgs bosons.

in Section 6.

2 The CMS detector and object reconstruction
The CMS detector is a multipurpose apparatus optimised to study high transverse momentum
(pT) physics processes in proton-proton and heavy-ion collisions. A superconducting solenoid
occupies its central region, providing a magnetic field of 3.8 T parallel to the beam direction.
Charged-particle trajectories are measured by the silicon pixel and strip trackers, which cover
a pseudorapidity region of |h| < 2.5. A lead tungstate crystal electromagnetic calorimeter
(ECAL), and a brass and scintillator hadron calorimeter (HCAL) surround the tracking volume
and cover |h| < 3. The steel and quartz-fibre Cherenkov hadron forward calorimeter extends
the coverage to |h| < 5. The muon system consists of gas-ionisation detectors embedded in
the steel flux-return yoke outside the solenoid, and covers |h| < 2.4. The first level of the CMS
trigger system, composed of custom hardware processors, is designed to select the most inter-
esting events in less than 4 µs, using information from the calorimeters and muon detectors.
The high-level trigger processor farm then further reduces the event rate to less than 1 kHz.
A more detailed description of the CMS detector, together with a definition of the coordinate
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(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles
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Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)
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g

Figure 6: Example diagrams that give rise to an h+E
miss

T
(upper row), Z +E

miss

T
(middle

row) and tW +E
miss

T
(lower row) signal in the 2HDM+a model. For further details consult

the main text.

resonant mono-Higgs production. Similar resonance enhancements arise from the diagram

on the left-hand side for the mono-Z (middle row) and tW + E
miss

T
(lower row) channel

if MH > MZ + Ma and MH± > MW + Ma, respectively. The interference between the

box diagram and the resonant production is further described in Section 6.3. Resonant

h + E
miss

T
, Z + E

miss

T
and tW + E

miss

T
production is not allowed in the spin-0 DM models

proposed by the DMF because the mediators couple only to fermions at tree level. As a

result only diagrams of the type shown on the right-hand side of Figure 6 are present in

these models.

6.1.1 Mono-Higgs signature

Processes that are resonantly enhanced in the 2HDM+a model have in common that they

involve the on-shell decay of a heavy Higgs H, A, H
± to a SM particle and the mediator a,

which subsequently decays to a pair of DM particles. The kinematics of the process A !

BC is governed by the two-body phase space for three massive particles

�(mA, mB, mC) = (m2

A � m
2

B � m
2

C)2 � 4m
2

Bm
2

C , (6.1)

– 16 –

Visible / Mixed Higgs Decay

• For large tanβ, or when Mχ is too large to allow  
h->aχχ, there can also be h → abb decays, 
leading to bb χχ or 4b final states.
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Resolved and Merged 
analyses defined. 



ET
miss + 2 leptons 

selection, final limits from 
binned fit to ET

miss.

• h(bb) + ETmiss  
• h(γγ) + ETmiss 
• h(ττ) + ETmiss 
• Z(ll) + ETmiss 
• Wt + ETmiss  
• tj+ ETmiss  
• bb + ETmiss 
• tt + ETmiss  
• bb 
• tt 
• Multi-b-jets 
• 4-top

★Resolved and merged analyses for  
multi-jet final sates. 

★0L, 1L, and 2L analyses for tt,  
tt + ETmiss,  tj+ ETmiss , Wt + ETmiss.

Re-optimize Selection cuts 
Utilize MET Significance 
Improve Background estimates 
2HDM+a specific discriminating  
variables, BDTs …

For Full Run-2

★New channels
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MA-Ma Scan
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Figure 19: Regions in the (a) (ma,mA) and (b) (ma, tan �) planes excluded by data at 95% CL by X + E
miss
T and tt̄tt̄

analyses, following the parameter choices of scenarios 1 and 2 of the 2HDM+a model. The dashed grey regions at
the top of (a) and the bottom of (b) indicate the region where the width of any of the Higgs bosons exceeds 20% of its
mass. The exclusion limits presented above conservatively neglect the contribution from bb̄-initiated production,
which might be sizeable for tan � � 3 for the Z + E

miss
T channel and, to a lesser extent, for the h + E

miss
T one.

39

Benchmark Parameter scans chosen to highlight properties of the model and 
complementarity of signatures.

• MA-Ma scan highlights 
impact of the Jacobian 
peak. 

• a->tt decay, reduces 
sensitivity for Ma > 350 GeV. 

• H(inv) sets hard lower 
bound on ma. 

• Introduce new signatures:  
Wt + MET, H(ττ)+MET, 
tt+MET. 

• Perform statistical 
combinations on channels 
of comparable reach

sinθ = 0.35, tanβ =1.0, Mχ =10 GeV
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tanβ Scan
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Figure 19: Regions in the (a) (ma,mA) and (b) (ma, tan �) planes excluded by data at 95% CL by X + E
miss
T and tt̄tt̄

analyses, following the parameter choices of scenarios 1 and 2 of the 2HDM+a model. The dashed grey regions at
the top of (a) and the bottom of (b) indicate the region where the width of any of the Higgs bosons exceeds 20% of its
mass. The exclusion limits presented above conservatively neglect the contribution from bb̄-initiated production,
which might be sizeable for tan � � 3 for the Z + E

miss
T channel and, to a lesser extent, for the h + E

miss
T one.

39

• Highlight sensitivity to high 
and low tanβ for top and b-
quark signatures, respectively.  

• New signatures:  
bb, bbbb,  
tt, Wt + MET. 

• Include contributions from bb-
induced production for Mono-
H and Mono-Z channels. 

• New benchmark with higher 
value of sinθ1

sinθ = 0.35, MA = 600 GeV, Mχ =10 GeV

*Only gg fusion production considered

For Type-2 2HDM, low values of tanβ increase coupling to top quarks while high values 
increase coupling to bottom quarks.

1 Larger value of sinθ corresponds to tighter constraint on MH  MH± splitting, and vacuum instability for O(MA=1TeV).
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sinθ Scans

sinθ controls whether a decays preferentially to χχ or, if kinematically accessible, tt.   
• Two 1D scans are chosen to highlight how sinθ dependence differs whether a is 

above or below the tt threshold.
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Figure 19: Regions in a (m�p ,mA) (a) and (m�p , tan �) (b) planes excluded by data at 95% CL by X + E
miss
T and four

top analyses, following the parameter choices of scenarios 1 and 2 of the 2HDM+�p model (see text for details). The
dashed grey regions at the top of (a) and the bottom of (b) indicate the region where the width of any of the Higgs
bosons exceeds 20% of its mass. The exclusion limits presented above conservatively neglect a small contribution
from bb̄ initiated production.
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Figure 20: Observed exclusion limits for the 2HDM+�p model as a function of sin ✓, following the two parameter
choices of scenario 3 (see text for details). The limits are calculated at 95% C.L. and are expressed in terms of the
ratio of the excluded cross-section to the nominal cross-section of the model.
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Figure 19: Regions in a (m�p ,mA) (a) and (m�p , tan �) (b) planes excluded by data at 95% CL by X + E
miss
T and four

top analyses, following the parameter choices of scenarios 1 and 2 of the 2HDM+�p model (see text for details). The
dashed grey regions at the top of (a) and the bottom of (b) indicate the region where the width of any of the Higgs
bosons exceeds 20% of its mass. The exclusion limits presented above conservatively neglect a small contribution
from bb̄ initiated production.
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Figure 20: Observed exclusion limits for the 2HDM+�p model as a function of sin ✓, following the two parameter
choices of scenario 3 (see text for details). The limits are calculated at 95% C.L. and are expressed in terms of the
ratio of the excluded cross-section to the nominal cross-section of the model.
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MH= 1000 GeV, ma = 350 GeV, tanβ = 1.0, mχ = 10 GeVMH= 600 GeV, ma = 200 GeV, tanβ = 1.0, mχ = 10 GeV

• h + ETmiss, has complicated sinθ behavior.  Resonance and non-resonance 
Feynman diagrams have different sinθ dependence, altering ETmiss shape.
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Figure 21: Observed exclusion limits for the 2HDM+a model as a function of m�, following the parameter choices of
scenario 4. The limits are calculated at 95% CL and are expressed in terms of the ratio of the excluded cross-section
to the nominal cross-section of the model. The relic density for each m� assumption is superimposed in the plot
(long-dashed line) and described by the right vertical axis. For DM mass values where the relic density line is below
⌦h

2 = 0.12, the model depletes the relic density to below the thermal value. The two valleys at m� = 125 GeV and
m� = 300 GeV determine the two a-funnel and A-funnel regions [63, 218, 219] where the predicted relic density is
depleted by the resonant enhancement of the processes � �̄ ! A/a ! SM.

Finally, Figure 21 presents the reach of the various experimental searches in a cosmological perspective,
following the prescription of the fourth benchmark scenario. In this case, the observed exclusion limits in
terms of the ratio of the excluded cross-section to the nominal cross-section of the model are investigated
as a function of the DM mass, which is the parameter with the strongest impact on the relic density
predicted by the 2HDM+a model. The region beyond m� = 200 GeV was not explored by the h(bb̄)+E

miss
T

analysis, thus the exclusion is not shown. For the same reason, the bb̄ +E
miss
T exclusion is not shown

beyond m� = 125 GeV. The long-dashed line indicates the computed relic density for the 2HDM+a

model as a function of the DM mass. The two valleys at m� = 125 GeV and m� = 300 GeV determine
the two a-funnel and A-funnel regions [63, 218, 219] where the predicted relic density is depleted by the
resonant enhancement of the processes � �̄ ! A/a ! SM. The plateau around and above m� ⇠ 200 GeV
is determined by the increase in annihilation cross-section of the DM particles close to threshold for
� �̄ ! ha ! SM and � �̄ ! tt̄. For DM masses around ma/2 or m� > 170 GeV the model predicts a
relic density which is equal to or below the thermal value, ⌦h

2 = 0.12. As the DM mass increases further,
annihilation via single s-channel diagrams is more and more suppressed and the observed DM relic density
can again be reproduced. At low values of ma this happens around m� ⇠ 10 TeV and is outside the range
considered in Figure 21. For all X + E

miss
T signatures considered, the sensitivity is independent of the DM

mass as long as the lightest pseudo-scalar mediator, whose mass is fixed at 250 GeV in this scenario, is
allowed to decay into a � �̄ pair. The Z(``) + E

miss
T analysis excludes this parameter space. For higher DM

masses, the sensitivity of all analyses quickly decreases and no exclusion is observed. For m� > ma/2 all
parameter choices that fulfil or deplete the relic density value are still unconstrained.

42

 • For Mχ < Ma/2 (< Mt) 
model is largely 
independent of Mχ. 

• Sensitivity falls off sharply 
for off-shell Mχ. 

• Relic density is depleted 
by resonant 
enhancement χχ-> a/A-
>SM for mχ = 1/2*ma/A 

• For mχ > mt annihilation to 
fermions becomes 
favored leading to an 
under-abundance of DM.

 13

DM mass Scan

JHEP-05 (2019) 142

sinθ = 0.35, tanβ = 1.0 , MA= 600 GeV, Ma = 250 GeV

Limits on Mχ are compared to relic density calculations made with MadDM.

https://link.springer.com/article/10.1007/JHEP05(2019)142#enumeration
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DM mass Scan

Christopher Anelli 

Figure 27: Predicted DM relic density for a two-dimensional scan of Ma and m�. The

other parameters remain fixed at MH = MA = MH± = 600 GeV and tan � = 1, as well

as the benchmark choices given in (4.5). The color scale indicates the DM relic density,

the cyan solid line shows the observed value of ⌦h
2 = 0.12. The color scale is truncated

at its ends, i.e. values larger than the maximum or smaller than the minimum are shown

in the same color as the maximum/minimum. While the left panel focuses on the mass

region relevant to collider searches, the right panel shows the development of the DM relic

density for a larger mass region.

annihilation proceeds through double-exchange diagrams, the outgoing bosons are taken

to be on-shell and their decays are not simulated. All tree-level annihilation processes are

considered, and the Yukawa couplings of all fermions are taken to be non-zero.

10.2 Scan results

If not stated otherwise, the results shown in this section use the benchmark values from (4.5).

The DM relic density is displayed in the Ma –m� plane in the two panels of Figure 27.

The parameters not indicated in the plots are fixed to MH = MA = MH± = 600 GeV and

tan � = 1. For values of m� below the mass of the top quark, DM is mostly overabundant.

In this regime, annihilation to quarks is suppressed by the small Yukawa couplings of the

light fermions. The observed DM relic density can only be achieved for m� ' Ma/2, where

annihilation is resonantly enhanced, or for m� ' (Ma + Mh)/2, close to the threshold for

the �� ! ha process. Above the top threshold, annihilation into fermions becomes very

e�cient and DM is typically underabundant. Exceptions are regions in parameter space

where Ma & mt and m� ' mt in which the observed DM relic density can be achieved.

As m� increases further, annihilation via single-exchange diagrams is more and more sup-

pressed and the observed DM relic density can again be reproduced. At low values of Ma

this happens for m� ' 1 TeV. The right panel of Figure 27 shows in addition the two

branches of solutions for masses up to 10 TeV.

The dependence of the DM relic density on the choice of m� is further explored in

Figure 28 (left). The red curve represents the choices MH = MA = MH± = 600GeV,

Ma = 250 GeV and tan � = 1. The result shown confirms the presence of the previ-

– 42 –

Relic Dark Matter

 1

White Paper figure shows relic density dependence on dark matter mass.  For 
searches potential to do a 2D scan of Ma : Mχ

• Summary paper has shown well that for Mχ < Ma / 2, dark matter mass has negligible 
impact on cross section / kinematics. 

• Have not yet looked at the impact of the top threshold, Mχ ~ Mt 

• Island of relic density values above Mχ > Ma / 2, possibly probe with 4-top final states.

Christopher Anelli 
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Dependence of cross section on tan(β), Mχ , and sin(θ):

• Cross Section decreases with increasing tan(β). 

• Is flat as a function of Mχ, but drops steeply for 2Mχ > Ma.  

• sin(θ) dependence is interesting.  For Ma < 350 GeV, mixing angle only impacts 
branching fraction of H→aZ and is strictly increasing.  For Ma > 350 GeV, decay of the 
mediator to tt becomes accessible (increasing with sin(θ) ) leading to a turnover point.

Figure 1. Branching ratios of the lighter pseudoscalar a as a function of its mass for two different
choices of sin ✓ and m� as indicated in the headline of the plots. The other relevant parameters have
been set to tan � = 1, MH = MA = MH± = 750GeV and y� = 1. Notice that for this specific tan �

value the branching ratios of the pseudoscalar a do not depend on the choice of Yukawa sector.

largest partial decay width is the one to gluon pairs. It takes the form

� (a ! gg) =
↵
2
s

32⇡3v2
M

3
a

���
X

q=t,b,c

⇠
M
q f(⌧q/a)

���
2

sin2
✓ , (4.2)

with
f(⌧) = ⌧ arctan2

✓
1

p
⌧ � 1

◆
. (4.3)

For small tan � and non-zero values of sin ✓ the couplings of a to DM and top quarks
dominate over all other couplings. As a result, the decay pattern of a is in general very
simple. This is illustrated in the panels of Figure 1 for two different choices of parameter sets.
The left panel shows the branching ratio of a for a very light DM particle with m� = 1GeV.
One observes that below the tt̄ threshold one has BR (a ! ��̄) = 100% while for Ma > 2mt

both decays to DM and top-quarks pairs are relevant. In fact, sufficiently far above the tt̄

threshold one obtains BR (a ! ��̄) /BR (a ! tt̄) ' 0.7y
2
� tan2

�/ tan2
✓ independent of the

specific realisation of the Yukawa sector. In the right panel we present our results for a DM
state of m� = 100GeV. In this case we see that below the ��̄ threshold the pseudoscalar a

decays dominantly into bottom-quark pairs but that also the branching ratios to taus and
gluons exceed the percent level. Compared to the left plot one also observes that in the
right plot the ratio BR (a ! ��̄) /BR (a ! tt̄) is significantly larger for Ma > 2mt due to
the different choice of sin ✓.

4.2 Lighter scalar h

For sufficiently heavy pseudoscalars a the decay pattern of h resembles that of the SM Higgs
boson in the alignment/decoupling limit. For Ma < Mh/2 on the other hand decays to two

– 10 –

Depends on 
Mχ.

White Paper
Theory Paper

MA= 600 GeV,  
tanβ=1.0, 
sinθ=0.35

• Relic density plateau for Mχ=Mtop. 

• Highlight regions of correct, relic 
density only explorable by non-MET 
searches, ie 4-top. 

• Invisible Higgs dependence on Mχ. 

• Minimal additional points required, 
since for, Mχ < Ma/2, DM mass has 
negligible impact on cross section or 
kinematics.

For future benchmark, consider 2D scan of Ma : Mχ:
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Summary

• 2HDM+a introduces a new, theoretically consistent, model of DM. 

• Model has 5 free parameters, use 1D and 2D Benchmark scans to 
highlight features of the parameter space.  

• First limits have been made reinterpreting 2015+2016 searches. 

•  Introducing new channels, in particular Wt + ETmiss and visible final 
states. 

• Expect improved sensitivity from full Run 2 dataset, optimized 
searches, and statistical combination.


